We use a symbolic calculation software to get exact results for the force propagation in an hyperstatic triangular lattice piling of discs in the absence of friction and in the limit of hard discs. The system is studied for di erent orientations of the lattice and di erent boundary conditions. Our results agree well with numerical simulations done with molecular dynamics.
I. INTRODUCTION
Granular matter has attracted much interest in the last few years 1]. It exhibits many surprising phenomena and even though classical mechanics is a mature domain, granular media still presents many unclear points. For instance, experiments on static sandpiles have shown that the distribution of normal forces under a heap presents a relative minimum under the apex of the pile rather than the intuitively expected maximum 2]. This is explained qualitatively by an arching e ect, transporting the charge of the grains to the sides of the pile 3]. This idea was the starting point of some interesting continuum mechanics approach in 4{7].
A large part of the work done on this subject is numerical and uses a wide variety of methods from Jacobi relaxation 8, 9 ] to Moreau's contact mechanics 10] passing by molecular dynamics 11, 12] etc. None of those methods is completely satisfactory. Due to the non linear nature of the contacts these methods never reach a solution in a nite number of steps. The situation becomes worse due to the fact that granular systems have a wide distribution of force amplitudes, making the problem badly conditioned and convergence very slow. Iterative numerical methods converge quite slowly, and since many iterations are applied the precision is limited by numerical roundo errors. The extreme sensibility of granular systems small uctuations 13, 14] makes these imprecisions dangerous, as numerical errors can give rise to uctuations of considerable amplitude. Therefore it has been a long standing problem to obtain precise and reliable results in this domain. In addition, very few analytical results exist for granular media, so that most of the numerical calculations are unchecked.
A symbolic calculation software allows, in some cases, to perform numerical-like calculations while avoiding any numerical error. In this paper we present an implementation of such a calculation in the case of a pyramidal piling of 2D discs under the e ect of gravity, in di erent con gurations and with no friction, but the generality of this method makes it versatile and easily adaptable to other static cases like silo geometries, 3D pilings of spheres or the study of the force network under external mechanical constraints.
II. THE MODEL
When a static mechanical system is such that the number of degrees of freedom is bigger than the number of equations imposed by the mechanical equilibrium, the system is said to be hyperstatic, i.e. the stability of the system ( PF = 0) is not su cient to determine all forces, and one must introduce new relations in order to close the problem. In the case of a piling of spheres without friction that we are going to study here, this means that a number of contacts greater than 2d, where d is the dimension of the space, will make the solid hyperstatic. For a perfect 2D triangular lattice structure, which is the usual structure for a piling of discs, each element is in contact with 6 neighbors, so that we are well in the hyperstatic case.
The easiest way to introduce the necessary relations is to consider elastic contacts between the discs so that the force applied by disc i on disc j is F i!j = ? 1 (2R ? jr i ?r j j) (2R ? jr i ?r j j)~r i ?r j jr i ?r j j (1) where R is the radius of the discs, here constant for all the discs, is the inverse of the elastic modulus (or the softness), andr i the position of the i-th disc. represents the Heaviside step function.
The functions are introduced in order to take into account the unilateral character of the contact forces in dry granular matter, i.e. that the discs can only push and not pull each other. The system is therefore non linear and clearly impossible to solve analytically, with or without the use of a symbolic calculation software. So some-kind of simplifying assumption must be introduced.
The most adequate assumption is that of hard discs; << R=w, where w is the weight of each disc. Since forces are nite, this condition implies that the displacements of the discs must tend to 0 with , hence, when calculating to rst order in , those displacements are proportional to . We can develop the equations to rst order in all the displacements, linearizing most of the terms. The remaining non-linear terms are the functions that cannot be linearized around 0.
Dealing with the non-linearity arising from the function is the hardest part of the solution. One may consider calculating all possible combinations of open/close contacts, solve the linear system obtained for each one of them and keep only solutions consistent with the conditions of the originally supposed contact network. Unfortunately, this method is extremely time consuming with current computer equipment, since one must solve 2 c realizations, with c the number of contacts in the system. We will deal with this di culty by an iterative method described in the next section.
A question we did not address in this work, is the existence and unicity of the solution. Since the system of equations is non-linear both questions are open and deserve further investigation. We always got a solution for whatever pile size we studied, so that the existence is assured, at least for pile sizes we have investigated.
III. THE GEOMETRICAL CONFIGURATIONS
We have studied the following geometrical con gurations:
A \tilted" 1 triangular lattice pile with 30 slope and the following surface conditions:
{ \bumpy" surface, as shown in gure 1. The pile poses on top of two layers of xed discs; the centers of those discs are maintained on the triangular lattice points. We will refer to this case as the TBS case (TBS for Tilted Bumpy Surface). { \smooth" at surface with only the extreme bottom discs xed, as shown in gure 2. In the following will refer to these discs as the corner stones. In this case we have studied the in uence of applying a force on the lower row of discs by slightly displacing the corner stones. This case will be refered to as the TSS case. 
IV. THE ALGORITHM USED
The algorithm was implemented on a Sun computer running Maple-V symbolic calculation software. Basically, the algorithm is looking for a con guration of closed/broken contacts for which the solution for the positions of the discs is compatible with all of Heaviside's functions.
A. Notations.
Here and below, we will use the following notations:
The discs are indexed by a couple (i; j) where i is the row number, counting from the top to the bottom, and j is the disc's position counting from the left to right. See gures 1,3 and 4. In the following we will use \tilted" to designate a lattice of the type shown in gure 1 and 2. The term \untilted" will refer to a lattice of the type shown in gures 3 and 4.
The forces are named a i;j ; b i;j ; c i;j ; d i;j ; e i;j ; f i;j and p i;j . Note that the notations are di erent for the two lattice orientations and that p i;j is only present in the untilted case with smooth surface (see gure 5). We denote with (i 1 ; j 1 ; i 2 ; j 2 ) the angle between the horizontal and the line connecting the centers of (i 1 ; j 1 ) to (i 2 ; j 2 ). We designate by x i;j and y i;j the x and y coordinates of the center of the disc (i; j). We call N the number of layers in the pile. In the bumpy surface case we consider N as the number of free to move layers. We name t i the total number of discs on the i-th layer, h i the number of discs in a half of the i-th layer, center discs included and nally h 0 The variable ze will contain, in our algorithm, the list of forces passing through broken contacts.
B. Resolution steps
The general resolution steps are the following: 4. We remove forces that are passing through contacts supposed to be broken. In other words, we substitute 0 for all of the forces in the variable ze. 5. We apply Hook's law (equation 1, replacing the functions by 1), so that the forces are now expressed in terms of the positions of the centers of the discs. (2) 7. At this point the equations are written entirely in terms of x i;j and y i;j . The assumption of very small softness enters here, we rewrite the positions in terms of the displacements from the lattice points x i;j and y i;j . 8. We develop the equations to rst order in those displacements. 9. We resolve the linear equations to nd x i;j and y i;j . These displacements are proportional to , the inverse elastic modulus. 10. In some cases (TSS, NT60, NT30) the system does not have any solution because too many contacts are broken at the same time. If such a case appears, we remove from ze the broken contact having the minimal value for j2R ? jr i ?r j jj, in other terms we close the \less broken" broken contact. This choice is, of course, arbitrary and one can use other criteria instead.
11. Once the displacements are known, we use again Hook's law in order to calculate the forces. 12. If some of those forces are negative, i.e. the corresponding contact is attractive, we add this contact to ze (those forces will be eliminated in step 4). In a similar manner, contacts currently in ze which are no longer attractive (since for the last solution found 2R ? jr i ?r j j 0), are removed from ze. 13 . If the last step produced no change, we conclude that our solution satis es all of Heaviside's functions and the algorithm stops, returning the forces, ze and the displacements. Otherwise, the list of broken contacts is updated and the algorithm returns to step 2. As we mentioned before this proves the existence of a solution, but there might be others.
C. Computer resources used
The computer time needed in order to get the nal force con guration varied from some minutes (4 layers) to several days (more than 20 layers) on a Sparc 20 station. The maximum size varied from one con guration to the other, because some (like the TSS or NT30) needed more iterations than other cases before arriving to the correct contact con guration.
Another limitation is memory, large systems create huge systems of equation that can take a lot of memory (we used up to 30Mb of RAM in some cases).
V. \BUMPY" SURFACE TILTED LATTICE : TBS
In this section we present the results for a piling of discs posed on 2 layers of corner stones as shown in gure 1.
A. The resulting contact lattice
When the solving algorithm stops, we obtain a contact lattice, as shown in gure 6. We can see that the broken contacts appear on the anks of the pile, while the contacts in the inner part of the pile are all closed. None of the contacts downwards are broken and we can notice that those contacts are the prefered paths for the forces.
B. Dependence in the size of the pile By solving for di erent pile sizes we can trace the evolution of the forces acting on a disc as a function of the size of the pile. As an example, the evolution of the forces acting on the disc (2,1) is traced in gure 7.
For small values of N, the nite size e ects are large and the forces uctuate considerably. But as the size grows, these e ects disappear, and a linear regime is established. The important point here is that all the forces, even those on the top of the pile are highly correlated to the size and \feel" each added layer. We can expect that this should not be the case when the size of the pile gets even bigger and a saturation should occur. The question is how will it occur? Will it be asymptotically, where the forces' values tend slowly to a constant one? or will they rather continue linearly until one of them (in the gure's case e 2;1 ) will reach zero causing the corresponding contact to break and the other forces to stabilize? We are not able to study the behavior of the forces at the point where, for example, e 2;1 vanishes, since the computer resources needed would be too large for the corresponding pile sizes 2 (more then 30 layers), but with the constant advance of computer calculation capabilities, this will be probably possible soon. 2 For 22 layers pile in this case, the calculation needed about 30Mb of RAM and took more than 3 days.
where the sum runs over all external forces, F k i is the i-th component of the the k-th force and r k j is the position of the contact point. The resulting stress tensor is shown in gure 8. We do not observe in this geometry a xed principal axis direction, which is the hypothesis used in some successful continuous models ( 6] , section 2.7 the FPA model) but rather a typical result that would follow from the traditional IFE (Incipient Failure Everywhere) assumption ( 6], section 2.5).
D. The pressure pro le
In the TBS case it is not straightforward to de ne uniquely the pressure or the normal force distribution on the supporting surface since there are contacts with two di erent layers. We show in gure 9 the normal and shear forces on the last layer of discs, ignoring those on the N ? 1 layer. Because we took into account only the N-th layer the sum of the normal forces is smaller than the total weight of the pile. Anyhow, it is clear that the distribution does not show a dip but rather a maximum 3 .
VI. TILTED LATTICE, SMOOTH SURFACE : TSS
The geometrical situation is presented in gure 2. Discs in the last row are free to move without friction on the surface, only the corner stones (in gray) are xed on the lattice and are not allowed to move. This situation is harder than the previous one because on a bumpy surface the algorithm only broke contacts in every iteration and they never got closed again in the following iteration, so that each iteration approaches the nal solution. Here, this was not the case. Broken contacts often tend to close again, making the approach to the nal solution much slower.
A. Contact lattice
The contact lattice obtained is shown in gure 10. This contact lattice di ers considerably from the one for the TBS case. First of all the number of broken contacts is much larger and they appear mainly in the center of the pile and not just on the surface as in the TBS case. Secondly, a new kind of contact has appeared for which the force vanishes exactly, even though the corresponding contact is not broken (osculatory discs).
B. Stress tensor
The stress tensors' principal and secondary axis are shown in gure 10. Again, the results di er from the TBS case. We can observe 3 regions with di erent behaviors:
Discs on the surface of the pile, having the principal axis pointing in the slope's direction. Discs in the inner part of the pile, having the principal and secondary axis pointing horizontally or vertically. Discs in the anks of the pile with no clear prefered direction.
Again, we have no sign of a FPA. 3 Both distributions of normal forces on the N -th and N ? 1 layer are peaked on the center of the pile.
C. Variations of the forces with the size of the pile
The variations of forces acting on disc (2; 1) are presented in gure 12 (compare with gure 7). We observe a strong dependence on the parity of N and a saturation of the forces for large pile sizes of the same parity. We do not have enough data in order to determine whether the dependence in the parity of N continues for even larger piles.
D. Pressure pro le
The normal forces acting on the surface of a 13 layer pile 4 are shown in gure 13. The shear force acting from each disc on the bottom layer, other than the xed ones, is zero because of the smoothness of the surface. This pressure pro le is close to the one in the TBS case displayed in gure 9. Again, we do not observe a dip.
VII. THE NT60 CASE.
The the system in this case is shown in gure 3. When one does not consider the horizontal contacts (equivalent to taking a slope slightly inferior to 60 ) it is easy to calculate analytically the forces 15{19] 5 and nd that the distribution of normal forces distribution is constant on the base. When we use our method in this case we always get a contact network in which all horizontal contacts are broken, thus giving the same solution as the one in 15]. This gives us another veri cation for our method and an indication about the unicity of the solution. Numerical calculations presented in 12] give the same e ect.
VIII. 30 SLOPE PILE ON A SMOOTH SURFACE, NT30
The con guration in this case is the one shown in gure 4. Like in the TBS case, we x the corner stones in order to keep the heap stable. This particular geometry was proposed in 12], and studied by numerical simulation using the molecular dynamics method. Since in this kind of pile the number of discs grows faster with the number of layers than in the previous con gurations, we were only able to calculate the force network for piles having less than 7 layers. Examples of the force network and stress tensor calculated in this case are shown in gures 14 and 15. For comparison, we present in gures 17,18 results obtained with molecular dynamics and provided by the author 12, 20] . The results we have obtained agree well with them, even though the molecular dynamics results present some di erences (some contacts that are open and should be closed or the vice versa) and imperfections (notice that the force network is not exactly symmetric especially at the corner stones) the important quantities like the stress tensor or the pressure on the surface are similar. The di erences can also be explained by the fact that in 12,20] the inverse elastic module is small but nite which is not the case in our algorithm that does all calculations in the limit ! 0.
A. The e ect of displacing the corner stones Another point studied in 12] is the e ect of pushing or pulling the corner stones on the bottom layer. It was observed that pushing in those discs, i.e xing their position on the a position slightly closer to the axis of the pile, causes the pressure distribution on the base to present a dip deeper than the one observed without it.
We studied the same problem using an exact symbolic algorithm which is an extension of the previous one. Since all calculations are done to the rst order in we should only consider displacements proportional to i.e x N;1 = q and x N;tN = ?q , otherwise the resulting forces will be in nite.
To nd the correct contact con guration for a given value of the parameter q, namely q end we proceed in the following way: 4 The biggest pile size we were able to calculate for this case. 5 In these references the contacts between discs are supposed hard core and the bottom discs are supposed to be glued to the surface. Nevertheless, those results are comparable to ours since we take the limit ! 0 and since when the discs are hard, holding the bottom layer by it's extremes is the same as gluing them to the surface.
1. We apply the algorithm described in IV B in order to solve the case for q = 0. 2. For the contact network of the last solution and for an arbitrary q nd the distance between every couple of neighboring discs : d i;j (q) to the rst order in . Those distances depend on q only linearly, so we can write : d i;j (q) = i;j q + i;j . 3. We solve one by one all the equations d i;j (q) = 2R in q. When a solution exists it is unique, we denote it q 0 i;j . In other terms, q 0 i;j are the the values of q where the contact network might change, i.e active contacts might break and broken contacts might close. 4 . We calculate ; q 00 = q 0 i;j > q if q end > 0 q 0 i;j < q if q end < 0 . In practice, we nd the next q for which the contact network might change.
5. If jq 00 j > jq end j then no change in the contact network will happen between q and q 00 and since the network and d i;j (q) are known for this interval of values, and hence for q = q end , we can calculate the forces for q = q end easily from equation (1) and the algorithm stops.
The expression of each force in the positions is continuous around the breaking point (equation 1) so that no discontinuity can occur in the forces if we break the contacts having d i;j (q 00 ) = 2R and only i;j might vary.
6. We modify the contact network to take into account the changes arriving at q 00 . We set q = q 00 and jump back to step 2. 7. In some cases the modi cation we applied to the contact network must be reviewed since in certain cases a force F i;j that vanished in q 00 but sign( i:j (jqj < jq 00 j)) = ?sign( i:j (jqj > jq 00 j)) so that the corresponding contact should not change. For example, an open contact that was closing before q 00 i.e i;j j q!q 00+ < 0 and for which We observe several interesting points in this case. The initial pile is insensible to positive values of q, in other terms no change in the force network appears when the corner stones are pulled apart. This appears to be a characteristic of the solution for all lattice orientations when the surface is smooth. On the contrary, when pushing the corner stones together (q < 0) the network is restructured for many values of q (table I). The number of those values is nite so that for large values of ?q the contact network no longer changes. At this point (see gure 19) the network is characterized by a large number of broken down-going contacts and all of horizontal contacts closed, which is exactly what one might classify as an arching e ect. As observed in 12] the arching is accompanied by the appearance of a pronounced depression under the apex and a FPA situation. We were able to calculate the exact evolution of the pressure under the axe of the pile as a function of q, see gure 20. For large values of ?q the pressure at the axe of the pile is decreasing with ?q until it reaches its asymptotic value. Surprisingly, we also observe a region for small values of ?q for which the minimum is less pronounced and even becomes a maximum (see the rst 3 frames in gure 19) . The mechanism of the this change can be understood from gure 19. It is not the small depression at the center of the pile, observed for q = 0, that is the source for the dip when ?q is big, but rather the depressions observed at the anks of the pile. These depressions move toward the center to create the dip.
IX. CONCLUSIONS
In this paper we have presented an approach able to produce exact results for the force and contact networks for regular packing and piling of hard discs for di erent orientations, geometries and supporting surfaces. The advantage of this method is that results are free from roundo or other numerical errors. The results we get with this method can be used to check the precision of widely used numerical simulations and for much larger systems. We were able to do so in the the NT30 case producing the same results as in ref . 12] . In this last case the pressure on the base of the pile presents ( g. 16) for an even number of layers, the famous dip observed under the apex of a granular heap 2]. We also observe, as in ref. 12] that the dip becomes more pronounced as we increase the applied force on the corner stones, but we also conclude that this dip is not originated by the one for q = 0 but by the depressions at the anks that are displaced when ?q is bigger. Nevertheless, the dip appears only for speci c lattice orientations and pile disposition. In a real sandpile the lattice is not regular and a more complicated situation would be expected.
The method we used can be easily adapted to other geometries like silos or 3D pilings of spheres. One might also consider the introduction of other physical ingredients like friction or polydisperse disc sizes. The introduction of friction doubles the number of degrees of freedom of the system, since tangential components of the contact forces are added to each of the contact forces. On the other hand Coulomb's friction law does only supply us with an inequality F jj F ? rather than an equality. One can face this problem in two ways: Use the inequality solving facility in Maple in order to get boundaries to the force values. This would probably be a di cult task mainly because of the functions. Introduce a supplementary assumption about the friction forces like F jj = F ? which is the IFE assumption, or any other relation between the forces.
The introduction of disorder into the system (polydisperse grains) do not present conceptual problems and could be faced in principle in the framework of our approach. However, it would be hard , in this case, to get reliable statistics due to the long resolution times.
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